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Abstract—This paper presents a generalized flexible Hybrid
Cable-Driven Robot (HCDR). For the proposed HCDR, the
derivation of the equations of motion and proof provide a very
effective way to find items for generalized system modeling. The
proposed dynamic modeling approach avoids the drawback of
traditional methods and can be easily extended to other types
of hybrid robots such as a robot arm mounted on an aircraft
platform.
Additionally, another goal of this paper is to develop in-
tegrated control systems to reduce vibrations and improve
the accuracy and performance of the HCDR. To achieve this
goal, redundancy resolution, stiffness optimization, and control
strategies are studied. The proposed optimization problem and
algorithm address the limitations of existing stiffness optimization
approaches. Three types of control architecture are proposed
and their performances (i.e., reducing undesirable vibrations and
trajectory tracking errors, especially for the end-effector) are
evaluated using several well-designed case studies. Results show
that the fully integrated control strategy can improve significantly
the tracking performance of the end-effector.
Index Terms—Hybrid Cable-Driven Robot (HCDR), modeling,
optimization, vibration control, trajectory tracking.
I. INTRODUCTION
SERIAL manipulators are one of the most common typesof industrial robots, which consist of a base, a series of
links connected by motor-driven joints, and an end-effector.
Usually, they have 6 degrees of freedom (DOFs) and offer high
positioning accuracy. They are commonly used in industrial
applications; however, they have some key limitations, such
as high motion inertia and limited workspace envelope [1].
Cable-driven parallel robots (CDPRs) are another important
type of industrial robots. Their configurations usually bear
resemblance to parallel manipulators. For these robots, rigid
links are replaced with cables. This reduces the robot weight
since cables are almost massless. It also eliminates the use of
revolute joints. These features allow the mobile platform to
reach high motion accelerations in large workspaces. How-
ever, they are not without some drawbacks, such as their
low accuracy, high vibration, etc., all of which limit their
applications [2]. To overcome the aforementioned shortages
of serial and cable-driven parallel robots as well as combine
their advantages, one approach is to combine these two types
of robots to create a hybrid cable-driven robot (HCDR), i.e.,
a hybrid structure of CDPR(s) and serial robot(s).
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The literature shows that existing research and applications
prefer to affix a robot arm upside down to the bottom of
a CDPR’s platform [3], [4], [5], [6], [7], [8], [9], [10] or
mainly control the cable robot while treating the serial robot
as a manipulation tool or an end-effector rather than a whole
system [7], [8], [9], [10]. When a serial robot is mounted on a
mobile platform, they constitute a new coupled system. Only
controlling the mobile platform (i.e., treating the serial robot
as a manipulation tool) or the serial robot may not guarantee
the position accuracy of the end-effector. For applications that
use such a system, the main goal is to control the end-effector
of the serial robot (e.g., its trajectories and vibrations) in
order to effectively accomplish tasks such as pick-and-place.
Another major challenge in the utilization of these systems is
maintaining the appropriate cable tensions and stiffness for
the robot. This requires the development of kinematic and
dynamic models, stiffness optimization, and controllers for
HCDRs.
Some research has been carried out to solve these problems:
for kinematic and dynamic modeling, existing research mainly
focuses on rigid serial robots [11], rigid/flexible parallel robots
[12], [13], [14], [15], [16], [17], [18], [19], [20], and wheeled
rigid mobile vehicles carrying a rigid/flexible joint arm [21],
[22]. In [12], a multilink manipulator model was developed,
but this model applied to each link driven by cables. To solve
the redundancy and stiffness optimization problems, some
useful methods were studied, such as minimum 2-norm of
cable tensions [15], [23] and stiffness maximization in the
softest direction [17], [24]. However, their research focused
on planar CDPRs and the maximum of the system overall
stiffness by using these approaches was not always guaranteed.
Since the use of flexible cables reduces the overall stiffness
of cable-driven robots, vibration control becomes a serious
problem. Meanwhile, the moving robot arm also generates
reaction forces to the mobile platform, resulting in the mobile
platform vibrating. Hence, it is challenging to achieve the
goal of minimizing the vibrations and increasing the position
accuracy of the end-effector. To the best of my knowledge,
limited studies address the modeling and control problems of
flexible HCDRs. Especially, when the redundancy and stiffness
optimization problems are introduced, the control of trajec-
tories and vibrations becomes more challenging. Researchers
in [25] showed a CDPR carrying a robot arm for painting large
surfaces, but vibrations were obvious and large based on their
demonstration.
This paper is motivated by the need to solve the afore-
mentioned problems for CDPRs with serial robotic arms in
order to increase their accuracy and adoption in industrial or
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2other potential applications (e.g., rehabilitation). To implement
this motivation, this paper focuses on a generalized flexible
HCDR (shown in Fig. 1), including modeling, control, and
performance analysis. The novelty and main contributions of
this paper are as follows:
1) The derivation of the equations of motion and proof
provide a very effective way to find items for general-
ized system modeling. Meanwhile, the proposed dynamic
modeling approach avoids the drawback of traditional
methods (e.g., [26]), and can be easily extended to other
types of hybrid robots by changing the proposed structure
matrix based on their desired configurations, e.g., robot
arm(s) mounted on an aircraft platform [27], [28].
2) Three types of control architecture are proposed to re-
duce vibrations and improve the accuracy of the HCDR.
Their performances are also evaluated using several well-
designed case studies.
3) The proposed optimization problem and algorithm ad-
dress the limitations of existing stiffness optimization
approaches in [15], [23], [17], [24]. Meanwhile, they can
be applied to not only CDPRs but also HCDRs.
Additionally, the growth of automated warehousing solu-
tions has been fueled by the e-commerce explosion in recent
years [29]. By 2024, the market of global automated material
handling equipment is predicted to no less than US$ 50.0
Billion with a Compound Annual Growth Rate (CAGR) of
8% [30], [31]. These increase of automated warehousing
applications offers a unique opportunity for the development
of cable robotics that is superior in, especially for CDPRs and
HCDRs. The proposed technique in this paper provides a valid
solution for the development of CDPRs and HCDRs.
In this paper, generalized system modeling is introduced
in Section II. In Section III, a HCDR example is selected
by applying the modeling method in Section II. Then, In
Section IV, vibration control design based on this HCDR
example is implemented. Control performance and evaluation
using case studies are presented in Section V. Finally, in
Section VI, the contributions of this paper are summarized.
II. GENERALIZED SYSTEM MODELING
In this paper, a generic hybrid cable-driven robot (HCDR) is
proposed to overcome the shortcomings of CDPRs and serial
robots as well as aggregate their advantages. The HCDR is
defined as follows:
Definition 1. A hybrid cable-driven robot (HCDR) is a robot
that is composed of two or more heterogeneous mechatronic
components, where at least one component is CDPR.
With reference to Definition 1, let us consider a generalized
(n+m)-DOF HCDR in three-dimensional (3D) space (shown
in Fig. 1) with an n-DOF ({n ∈ N : n ≤ 6}) cable-driven
parallel robot (mobile platform) and an m-DOF (m ∈ N) robot
arm, where the robot arm is mounted on the mobile platform
and moves with it. To simplify modeling, all the driven cables
are assumed massless, straight, and stretchable.
As a coupled system, modeling is much harder by compar-
ison to just parallel robot or serial robot arm, especially, when
flexible parts are introduced (e.g., flexible driven cables). To
develop the model of the hybrid system, first, we derive the
equations of motion of the n-DOF CDPR (in Subsection II-A);
then, we will use some results in Subsection II-A to derive
the equations of motion of the (n + m)-DOF HCDR (in
Subsection II-B).
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Fig. 1. Configuration of a generalized (n + m)-DOF HCDR with an n-
DOF CDPR and an m-DOF robot arm, where the robot arm is mounted on
the CDPR.
A. Equations of Motion of the CDPR
In Fig. 1, the inertial coordinate frame {O} is assumed fixed
on the base/ground. Coordinate frame {Om} is located at the
center of mass (COM) of the mobile platform. By assuming
the Euler angles [αm, βm, γm]T ∈ R3 (the orientations of the
mobile platform about X-, Y -, and Z-axes, respectively), the
rotation matrix (e.g., X → Y ′ → Z ′′ order as below) is
computed as
Rmg = Rx(αm)Ry′(βm)Rz′′(γm) ∈ SO(3). (1)
Then, the cable-length vector is calculated as
~Li =[pmx, pmy, pmz]
T +Rmg [rix, riy, riz]
T
−[aix, aiy, aiz]T , {∀ i ∈ N : 1 ≤ i ≤ N} (2)
where ~Li ∈ R3 denotes the position vector from
the ith cable anchor point on the robot static frame
to the ith cable anchor point on the mobile platform;
pm := [pmx, pmy, pmz]
T ∈ R3 represents the position vector
of the coordinate frame {Om} with respect to the coor-
dinate frame {O}; ri := [rix, riy, riz]T ∈ R3 denotes the
position vector of the ith cable anchor point on the mo-
bile platform with respect to the body-fixed frame {Om};
3ai := [aix, aiy, aiz]
T ∈ R3 represents the position vector of
the ith cable anchor point on the robot static frame with respect
to the coordinate frame {O}; and N is the total number of
cables. Then, the ith cable length Li ∈ R is computed as
Li =‖[pmx, pmy, pmz]T +Rmg [rix, riy, riz]T
−[aix, aiy, aiz]T ‖. (3)
In addition, the derivative of (2) is rearranged as
L˙i = Lˆ
T
i vm + (R
m
g [rix, riy, riz]
T × Lˆi)Tωm (4)
where L˙i ∈ R3 denotes the ith cable length velocity,
Lˆi :=
~Li
Li
= [Lˆix, Lˆiy, Lˆiz]
T ∈ R3 represents the unit cable
position vector, and vm, ωm ∈ R3 are the linear velocity and
angular velocity of the coordinate frame {Om}, respectively.
Then, (4) can be expanded in matrix form as
[L˙1, L˙2, · · · , L˙N ]T =
Lˆ1 · · · LˆN
Rmg
r1xr1y
r1z
× Lˆ1 · · · Rmg
rNxrNy
rNz
× LˆN

︸ ︷︷ ︸
=:Am
T [
vm
ωm
]
(5)
where Am represents a structure matrix, determined by the
position and orientation of the mobile platform. The linear
velocity vm and angular velocity ωm are calculated as[
vm
ωm
]
=(ATm)
+[L˙1, L˙2, · · · , L˙N ]T (6a)
=
 [p˙mx, p˙my, p˙mz]T[Rmg ]T [α˙m, 0, 0]T + [Rmγmβ ]T [Rmβmα]T
[0, β˙m, 0]
T + [Rmγmβ ]
T [0, 0, γ˙m]
T
 (6b)
where (·)+ is the pseudo-inverse of the matrix (·), rotation
matrices Rmβmα = Ry′(βm) ∈ SO(3) and Rmγmβ = Rz′′(γm) ∈
SO(3) come from (1). (6a) and (6b) are two expressions
to compute vm and ωm. p˙mx, p˙my, p˙mz, α˙m, β˙m, and γ˙m
are the time-derivative of pmx, pmy, pmz, αm, βm, and γm,
respectively.
For the CDPR dynamics, the Newton-Euler equations are
used because they can describe the system in Fig. 1 in terms
of cable tensions directly. Then, we get[
mmv˙m
Imω˙m + ωm × (Imωm)
]
+
[
mm[0, 0, g]
T
+ Fe
Me
]
=

N∑
i=1
(TiLˆi)
N∑
i=1
[Ti(R
m
g [rix, riy, riz]
T × Lˆi)]
 = AmT (7)
where Ti ∈ R denotes the ith cable tension; Lˆi ∈ R3 repre-
sents the unit vector of ith cable position; Fe,Me ∈ R3 are
the external forces and moments (e.g., the interaction forces
and torques from the mounted robot arm affecting the mobile
platform) applied to the coordinate frame {Om}; mm ∈ R is
the mass of the mobile platform; Im ∈ R3×3 denotes the mo-
ment of inertia of the mobile platform; vm, v˙m, ωm, ω˙m ∈ R3
represent the linear velocity, linear acceleration, angular veloc-
ity, and angular acceleration the mobile platform, respectively;
and g is the gravitational acceleration.
Suppose the cable stiffness matrix is Kc =
diag (kc1, kc2, · · · , kcN ) ∈ RN×N , where kci = EAiL0i
represents the ith cable stiffness, EAi is the product of the
modulus of elasticity and cross-sectional area of the ith cable,
and L0i denotes ith unstretched cable length. Then, the cable
tension vector is calculated as
T = Kc (L− L0) (8)
where T ∈ RN denotes the cable tension vector, L ∈ RN
represents the cable length vector, and L0 ∈ RN denotes the
vector of unstretched cable lengths. The directions of T are
shown in Fig. 1.
Finally, by considering a vector of unknown bounded dis-
turbances τmd, (7) and (8) can be described as[
mmI 0
0 Im
]
︸ ︷︷ ︸
=:Mm(qm)
[
v˙m
ω˙m
]
︸ ︷︷ ︸
=:q¨m
+
[
0
[ωm]Im
]
︸ ︷︷ ︸
=:Cm(qm,q˙m)
[
vm
ωm
]
︸ ︷︷ ︸
=:q˙m
+
 mm[0, 0, g]
T︸ ︷︷ ︸
=:Gm(qm)
+Fe
Me
+ τmd = AmT =: τm (9)
where [ωm] :=
 0 −ωmz ωmyωmz 0 −ωmx
−ωmy ωmx 0
 and I ∈ R3×3
is the identity matrix. Mm(qm), Cm(qm, q˙m), and Gm(qm)
denote the inertia matrix, Coriolis and centripetal matrix, and
gravitational vector, respectively. qm, q˙m, q¨m, and τm repre-
sent the vectors of generalized coordinates, velocities, accel-
erations, and joint forces/torques, respectively. The derivation
of equations of motion of the CDPR in this section provides
a convenient closed form to simplify HCDR modeling in
Subsection II-B.
B. Equations of Motion of the HCDR
For the (n + m)-DOF HCDR shown in Fig. 1, the jth
({∀ j ∈ N : 0 ≤ j ≤ m}) COM (of the link) position vector
pacj and joint position vector paj are computed as
pacj =[pmx, pmy, pmz]
T +Rmg R
a0
m︸ ︷︷ ︸
=:Ra0g
[xa00, ya00, za00]
T
+Rmg R
a0
mR
a1
a0︸ ︷︷ ︸
=:Ra1g
[xa01, ya01, za01]
T + · · ·
+Rmg R
a0
mR
a1
a0R
a2
a1 · · ·Raja(j−1)︸ ︷︷ ︸
=:R
aj
g
[xac0j , yac0j , zac0j ]
T
=[pmx, pmy, pmz]
T +Ra0g [xa00, ya00, za00]
T+
Ra1g [xa01, ya01, za01]
T + · · ·+Rajg [xac0j , yac0j , zac0j ]T
=[pmx, pmy, pmz]
T +Rajg [xac0j , yac0j , zac0j ]
T+
j∑
k=0
{
Ra(j−1)g [xa0(j−1), ya0(j−1), za0(j−1)]
T
}
(10)
4and
paj =[pmx, pmy, pmz]
T +Rmg R
a0
m [xa00, ya00, za00]
T
+Rmg R
a0
mR
a1
a0[xa01, ya01, za01]
T + · · ·
+Rmg R
a0
mR
a1
a0R
a2
a1 · · ·Raja(j−1)[xa0j , ya0j , za0j ]T
=[pmx, pmy, pmz]
T +Ra0g [xa00, ya00, za00]
T+
Ra1g [xa01, ya01, za01]
T + · · ·+Rajg [xa0j , ya0j , za0j ]T
=[pmx, pmy, pmz]
T +
j∑
k=0
{
Rajg [xa0j , ya0j , za0j ]
T
}
(11)
where maj ∈ R is the mass of link j and Iaj ∈ R3×3
denotes the moment of inertia of link j. [xac0j , yac0j , zac0j ]T
and [xa0j , ya0j , za0j ]T are body-fixed positions of the jth
COM and joint, respectively. Also, for the jth revolute joint,
a rotation matrix from frame j − 1 to j is defined as
Raja(j−1) =
Rx(θaj), revolute joint about X-axisRy(θaj), revolute joint about Y -axis
Rz(θaj), revolute joint about Z-axis
(12)
and for the jth prismatic joint, the corresponding parameters
of the revolute joint are replaced with
Raja(j−1) = I3×3
xac0j = xac0j + θaj , prismatic joint about X-axis
xa0j = xa0j + θaj , prismatic joint about X-axis
yac0j = yac0j + θaj , prismatic joint about Y -axis
ya0j = ya0j + θaj , prismatic joint about Y -axis
zac0j = zac0j + θaj , prismatic joint about Z-axis
za0j = za0j + θaj , prismatic joint about Z-axis.
(13)
The linear velocities of the jth COM (of the link) and
joint are the time-derivative of positions in (10) and (11),
respectively. Then, we get
vacj = p˙acj (14)
vaj = p˙aj . (15)
Additionally, the jth angle velocities are computed as
ωacj = ωaj = [R
a0
mR
aj
a0]
Tωm +
j∑
k=0
{
[Rajak]
T ~˙
θak
}
(16)
where ~˙θak ∈ R3 represents the vector of joint velocity about
its body-fixed axis. (16) is a simplified and very useful result
for generalized dynamic modeling, e.g., calculating the kinetic
energy.
Lemma 1. Let ~˙θak ∈ R3 be the vector of joint velocity about
its body-fixed axis. Then the jth angle velocity vector is equal
to ωacj = [Ra0mR
aj
a0]
Tωm+
j∑
k=0
{
[Rajak]
T ~˙
θak
}
, where {∀ j, k ∈
N : 0 ≤ j ≤ m, 0 ≤ k ≤ j}.
Proof: The jth angle velocity vector ωacj can be derived
as follows:
ωacj =
[Rmαg R
mβ
mαR
mγ
mβ︸ ︷︷ ︸
Rmg
Ra0m R
a1
a0R
a2
a1 · · ·Raja(j−1)︸ ︷︷ ︸
Raja0
]T [α˙m, 0, 0]
T
+ [RmβmαR
mγ
mβR
a0
mR
a1
a0R
a2
a1 · · ·Raja(j−1)]T [0, β˙m, 0]T
+ [RmγmβR
a0
mR
a1
a0R
a2
a1 · · ·Raja(j−1)]T [0, 0, γ˙m]T+
[Ra1a0R
a2
a1 · · ·Raja(j−1)︸ ︷︷ ︸
Raja0
]T
~˙
θa1 + [R
a2
a1 · · ·Raja(j−1)︸ ︷︷ ︸
Raja1
]T
~˙
θa2
+ · · ·+ [Ra(j−1)a(j−2)Raja(j−1)︸ ︷︷ ︸
Raj
a(j−2)
]T
~˙
θa(j−1) + [R
aj
a(j−1)]
T ~˙θ0j
= [Rmg R
a0
mR
aj
a0]
T [α˙m, 0, 0]
T + [RmβmαR
mγ
mβR
a0
mR
aj
a0]
T
[0, β˙m, 0]
T + [RmγmβR
a0
mR
aj
a0]
T [0, 0, γ˙m]
T + [Raja0]
T ~˙θa1
+ · · ·+ [Raja(j−2)]T ~˙θa(j−1) + [Raja(j−1)]T ~˙θaj
= [Ra0mR
aj
a0]
T [Rmg ]
T [α˙m, 0, 0]
T + [Ra0mR
aj
a0]
T [Rmγmβ ]
T
[Rmβmα]
T [0, β˙m, 0]
T + [Ra0mR
aj
a0]
T [Rmγmβ ]
T [0, 0, γ˙m]
T
+ [Raja0]
T ~˙θa1 + · · ·+ [Raja(j−2)]T ~˙θa(j−1) + [Raja(j−1)]T ~˙θaj
= [Ra0mR
aj
a0]
T
{
[Rmg ]
T [α˙m, 0, 0]
T + [Rmγmβ ]
T [Rmβmα]
T
[0, β˙m, 0]
T + [Rmγmβ ]
T [0, 0, γ˙m]
T
}
︸ ︷︷ ︸
ωm
+ [Raja0]
T ~˙θa1 + · · ·+ [Raja(j−2)]T ~˙θa(j−1) + [Raja(j−1)]T ~˙θaj
= [Ra0mR
aj
a0]
Tωm +
j∑
k=0
{
[Rajak]
T ~˙
θak
}
where {∀ j, k ∈ N : 0 ≤ j ≤ m, 0 ≤ k ≤ j}, Rmαg =
Rx(αm) ∈ SO(3), Rmβmα = Ry′(βm) ∈ SO(3), and Rmγmβ =
Rz′′(γm) ∈ SO(3).
Substituting the corresponding results in (14) and (16), the
total kinetic energy is calculated as
KE =
1
2
mm[p˙mx, p˙my, p˙mz][p˙mx, p˙my, p˙mz]
T +
1
2
ωTmImωm
+
1
2
j∑
k=0
{
makv
T
ackvack + ω
T
ackIakωack
}
. (17)
The total potential energy is computed as
VE =mmgpmz +
j∑
k=0
{
makgp
T
ack[0, 0, 1]
T
}
+
1
2
(L− L0)TKc (L− L0) (18)
where g represents the gravity acceleration, position vector
pack is obtained using (10), and 12 (L− L0)TKc (L− L0)
denotes the cable elastic potential energy with its variables
defined in (8).
Based on the computed kinetic energy KE and potential
energy VE in (17) and (18), respectively, the Lagrangian
dynamic equation is calculated as
LE = KE − VE . (19)
5Then, the torque equations are calculated as
τj =
d
dt
(
∂LE
∂q˙j
)
− ∂LE
∂qj
=
d
dt
(
∂KE
∂q˙j
)
− ∂KE
∂qj
+
∂VE
∂qj
(20)
where τj represents the generalized force/torque applied to the
dynamic system at joint j to drive link j.
Based on open-chain, (20) can be described by a new form:
τj =
{[
∇
(
(∇LEq˙)j
)
q
]T
q˙+
[
∇
(
(∇LEq˙)j
)
q˙
]T
q¨−(∇LEq)j
}
(21)
where ∇(·)q and ∇(·)q˙ are defined as the gradient vectors
of (·) with respect to the vectors q and q˙, respectively.
Compared with (20), (21) is easier to be implemented (i.e.,
programming). By arranging (21) and introducing a vector of
unknown bounded disturbances τd ∈ Rn+m, the equations of
motion of the HCDR can be derived as
M (q) q¨ + C (q, q˙) q˙ +G (q) + τd =: τ=
[
τm
τa
]
=
[
AmT
τa
]
(22)
where q ∈ Rn+m, q˙ ∈ Rn+m, and q¨ ∈ Rn+m represent the
vectors of generalized coordinates, velocities, and accelera-
tions, respectively. M(q) ∈ R(n+m)×(n+m) denotes the com-
bined inertia matrix, C(q, q˙) ∈ R(n+m)×(n+m) represents the
combined Coriolis and centripetal matrix, and G(q) ∈ Rn+m
denote the gravitational vector, respectively. τd ∈ Rn+m
and τ ∈ Rn+m denote the vector of unknown bounded
disturbances and forces/torques in generalized coordinates,
respectively. Eq. (22) is the inverse dynamics model for
HCDR, with q, q˙, and q¨ are inputs.
Proposition 1. M is a symmetric and positive definite matrix
[21]
M˙ = C + CT . (23)
Since the inertia matrix M is symmetric and positive
definite, then the forward dynamics can be computed as
q¨ =M−1 (q)
([
AmT
τa
]
− C (q, q˙) q˙ −G (q)− τd
)
(24)
where the cable tension T and robot arm joint torque τa are
inputs.
Additionally, (22) can be arranged as[
M11(q) M12(q)
M21(q) M22(q)
] [
q¨m
q¨a
]
+
[
C11(q, q˙) C12(q, q˙)
C21(q, q˙) C22(q, q˙)
]
[
q˙m
q˙a
]
+
[
Gm(qm)
Ga(qa)
]
+
[
τmd
τad
]
=
[
AmT
τa
]
(25)
where (·)m ∈ Rn and (·)a ∈ Rm represent the vector of
the mobile platform variables and the robot arm variables,
respectively. It is clear that this equation includes the dynamics
of the CDPR and the mounted robot arm.
In summary, some key features of the proposed modeling
method can be highlighted as follows: 1) The derivation of
the equations of motion (e.g., (10)–(16) and (21)) and the
proof of (16) provide a very effective way to find items for
generalized system modeling. 2) Traditionally, based on the
rule of Standard Denavit-Hartenberg (DH) parameters [26], a
revolute joint must rotate about its Z-axis. Sometimes, it is
inconvenient or impossible to find DH parameters (e.g., rotate
about X-axis or Y -axis). The proposed method avoids this
drawback, i.e., it is unnecessary to follow DH configurations,
and can be applied to any coordinate frames (e.g., about
X-axis, Y -axis, or Z-axis), including revolute and prismatic
joints. 3) The above modeling approach in this section can be
easily extended to other types of hybrid robots by changing
structure matrix Am in (5) based on their configurations, e.g.,
robot arm(s) mounted on an aircraft platform [27], [28].
C. Redundancy Resolution
Cable-driven robots (as shown in Fig. 1) can be categorized
into under-actuated, fully-actuated, and over-actuated [32].
The first two types of robots denote the number of driven
cables N is no more than the DOF of a robot n, i.e., N ≤ n;
the third type of robots represents the number of driven cables
N is more than the DOF of a robot n, i.e., N > n. Then,
the value of (N − n) represents the degree of redundancy
(DOR). When redundancy problems exist, there are infinite
solutions for kinematics, which make the motion planning
challenging [16]. Usually, redundancy resolution (i.e., over-
actuated) problems are more general for cable-driven robots
and can be solved only using pseudo-inverse approach [32],
but the solutions are not optimal. Some other approaches
are also available, such as a combination of pseudo-inverse
and null-space method [32], [23], [33], damped least-squares
approach [34], and energy-based method [34]. In this paper,
we use the combined method [32], [23], [33] to address the
redundancy resolution problem.
When qm, q˙m, and q¨m are given, τm = AmT can be
computed using (9) or (22). Then, the cable tension T is
calculate as
T = A+mτm = A
T
m(AmA
T
m)
−1τm (26)
where A+m = A
T
m(AmA
T
m)
−1 represents the pseudo-inverse
of matrix Am. In (26), the elements of the cable tension
T ∈ RN might be negative. However, in practice, they cannot
drive the mobile platform if they are negative. The redundancy
resolution of the cable tension T can be formulated as
T = ATm(AmA
T
m)
−1τm +NAλ (27)
where NA ∈ RN×(N−n) represents the null space of structure
matrix Am (Am is calculated using (5)), and λ ∈ RN−n
is a vector of arbitrary values. In (27), NAλ belongs to the
null space of Am, since it can be described as Am (NAλ) =
(AmNA)λ = 0. The expression NAλ denotes antagonistic
cable tensions. The cable tension T increases if all the antag-
onistic cable tensions are positive. Hence, the vector λ can be
optimized (e.g., using the stiffness optimization method in the
next section) to ensure that all the cable tensions are positive.
D. Stiffness Optimization
To solve the above problem of selecting λ, a stiffness
maximization method is proposed as below: consider the same
6condition as (26), the stiffness matrix K is defined as
K :=
d(AmT )
dPm
=
dAm
dPm
T +Am
dT
dPm
=
dAm
dPm
T +Am
(
dT
dL
)
(
dL
dPm
)
=
dAm
dPm
T +AmKcA
T
m =: KT +Kk (28)
where Pm := [pmx, pmy, pmz, αm, βm, γm]T ∈ R6, T , and L
represent the position and orientation of the center of mass
of the mobile platform, cable tension vector, and cable length
vector, respectively. Matrices KT and Kk are a product of
the cable tensions and cable stiffness, respectively, where
Kc =
dT
dL = diag (kc1, kc2, · · · , kci, · · · , kcN ) ∈ RN×N and
kci denotes the ith cable stiffness (same as (8)).
Usually, K is obtained at static condition for easier stability
analysis. In this case, if (28) is expanded in terms of the
kinematic parameters Li, Lˆi, and ri, the matrices KT and
Kk can be described as [33]
KT =
N∑
i=1
Ti
Li
[
I − LˆiLˆTi (I − LˆiLˆTi )[ri]T
[ri](I − LˆiLˆTi ) [ri](I − LˆiLˆTi )[ri]T
]
−
N∑
i=1
Ti
[
0 0
0 [Lˆi][ri]
]
(29)
and
Kk =
N∑
i=1
kci
[
LˆiLˆ
T
i LˆiLˆ
T
i [ri]
T
[ri]LˆiLˆ
T
i [ri]LˆiLˆ
T
i [ri]
T
]
(30)
where [ri] :=
 0 −(Rmg ri)3,1 (Rmg ri)2,1(Rmg ri)3,1 0 −(Rmg ri)1,1
−(Rmg ri)2,1 (Rmg ri)1,1 0

, [Lˆi] := −
 0 −Lˆiz LˆiyLˆiz 0 −Lˆix
−Lˆiy Lˆix 0
, ri = [rix, riy, riz]T
, Lˆi = [Lˆix, Lˆiy, Lˆiz]T , and I is the identity matrix. Eq.
(29) and (30) are equivalent to the results of the four-spring
model proposed by Behzadipour and Khajepour [33]. They
proved that a static cable-driven robot is stable if the stiffness
matrix K is positive definite (sufficient condition). In addition,
elements of Kk cannot be controlled, because they are the
property of the cables. Hence, the stiffness of HCDR can only
be changed by optimizing KT .
Additionally, combine (27) and (28), we get
K(λ) =
(
dAm
dPm
NA
)
λ+
dAm
dPm
ATm(AmA
T
m)
−1τm
+AmKcA
T
m. (31)
Since K is positive definite (or positive semidefinite), the
maximum stiffness is determined by its eigenvalues [35], [36],
[37]. Hence, the optimization problem can be described as
max
λ
JK = eig(K(λ))
THλeig(K(λ)) (32a)
s. t. M (q) q¨ + C (q, q˙) q˙ +G (q) + τd=
[
AmT
τa
]
(32b)
K(λ) =
(
dAm
dPm
NA
)
λ+
dAm
dPm
ATm(AmA
T
m)
−1τm
+AmKcA
T
m (32c)
0 ≤ Timin ≤ Ti ≤ Timax, i = 1, 2, · · · , N (32d)
where Ti, Timin, and Timax represent the ith cable tension,
minimum and maximum allowable tensions, respectively. Hλ
denotes the stiffness weighting matrix. To ensure the stability
of a HCDR in practical applications, some alternative strate-
gies can be adopted as below: 1) optimizing its trajectory to
keep all the eigenvalues of K positive and 2) limiting the
maximum payload [33]. Comparing with the existed stiffness
optimization approaches in [15], [23], [17], [24], (32a) is
introduced by combining the eigenvalues of K and weighting
matrix Hλ so that one is able to optimize the system stiffness
based on specific needs (by tuning Hλ). Meanwhile, (32) can
be applied to not only CDPRs but also HCDRs.
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Fig. 2. Configuration of the 9-DOF HCDR. The CDPR is driven by
four actuators with 12 cables; the robot arm has three joints with the first,
second, and third joints rotating about Za0-, Ya1-, and Ya2-axis (i.e., the
corresponding moving frames), respectively.
III. HCDR EXAMPLE FOR ANALYSIS
A. HCDR Configuration and Kinematic Constraints
To analyze the generalized HCDR model in Section II and
study its control performance, a HCDR example is given in
Fig. 2. The proposed full model of the HCDR has 9 DOFs
(the CDPR parameters come from [23], [38], [39]), which
consists of a 3-DOF robot arm (i.e., m = 3), a 6-DOF CDPR
(i.e., n = 6), twelve cables, and four servo motors. The 3-
DOF robot arm has three revolute joints, rotating about Z-
axis (joint 1 frame), Y -axis (joint 2 frame), and Y -axis (joint 3
frame), respectively. The actuators are used to drive the cables
to move the mobile platform. The robot arm is fixed on the
mobile platform and moves with it. The twelve cables include
four sets of cables: two sets of four-cable arrangement on the
top and two sets of two-cable arrangement on the bottom.
The driven cable mount locations the HCDR are shown in
Table I. Each set of cables is controlled by one motor. In
addition, the top actuators and bottom actuators control the
upper cable lengths and lower cable tensions, respectively.
The upper cables also restrict the orientation of the mobile
platform, i.e., the kinematic constraints. In addition, the inertial
coordinate frame O {x0, y0, z0} is located at the center of the
static fixture.
Additionally, other HCDR parameters are shown in Table II,
where mm and Im represent the mass and moment of inertia
of the mobile platform, respectively. maj and Iaj ({∀ j ∈ N :
71 ≤ j ≤ 3}) respectively denote the mass and moment of
inertia of robot arm links. Also, Timin and Timax ({∀ i ∈ N :
1 ≤ i ≤ 12}) represent the minimum and maximum allowable
cable tensions, respectively. The sizes of the static fixture (e.g.,
lfl) and mobile platform (e.g., lbl), body-fixed positions (e.g.,
[xa0j , ya0j , za0j ]
T ), and etc. are also given in Table II.
TABLE I
DRIVEN CABLE MOUNT LOCATIONS
N aix (m) aiy (m) aiz (m) rix (m) riy (m) riz (m)
1 1.500 0.000 0.500 0.153 -0.065 0.048
2 1.580 -0.065 0.404 0.233 0.000 -0.048
3 1.500 0.000 -0.500 0.223 -0.088 -0.017
4 -1.500 0.000 -0.500 -0.223 -0.088 -0.017
5 -1.580 -0.065 0.404 -0.233 0.000 -0.048
6 -1.500 0.000 0.500 -0.153 -0.065 0.048
7 1.500 0.000 0.500 0.153 0.065 0.048
8 1.580 0.065 0.404 0.233 0.000 -0.048
9 1.500 0.000 -0.500 0.223 0.088 -0.017
10 -1.500 0.000 -0.500 -0.223 0.088 -0.017
11 -1.580 0.065 0.404 -0.233 0.000 -0.048
12 -1.500 0.000 0.500 -0.153 0.065 0.048
TABLE II
HCDR PARAMETERS
Symbol Values Symbol Values
lfl 3.160 m lfh 1.000 m
lbl 0.365 m lbw 0.130 m
lbh 0.096 m lm [0, 0, 0.048]
T m
maj 0.400 kg Iaj diag([0.100, 0.100, 0.100]) kg ·m2
[xac0j , yac0j , zac0j ]
T [0, 0, 0.050]T m [xa0j , ya0j , za0j ]
T [0, 0, 0.100]T m
mm 10.000 kg Im diag([0.0218, 0.1187, 0.1251]) kg ·m2
EAi 100 N [Timin, Timax] [5, 80] N
g 9.810 m/s2
B. Dynamics of the 9-DOF HCDR
By applying the modeling method in Section II, the
detailed motion of equations can be computed for the
specific 9-DOF system (see Appendix A), where q =
[pmx, pmy, pmz, αm, βm, γm, θa1, θa2, θa3]
T
9×1 ∈ R6+3, q˙ ∈
R6+3, q¨ ∈ R6+3,M (q) ∈ R(6+3)×(6+3), C (q, q˙) ∈
R(6+3)×(6+3), G (q) ∈ R6+3, τd ∈ R6+3, τm ∈ R6, τa ∈
R3, Am ∈ R6×12, and T ∈ R12. However, because of
the kinematic constraints, the system is fully controllable in
x0z0 plane, then the 9-DOF HCDR is simplified as a 5-
DOF in-plane system. The new control inputs are defined
as u := (um, ua) := [T3, T4, τa2, τa3]T ∈ R4, where
um = [T3, T4]
T ∈ R2 denote the lower cable tensions (two
sets of two-cable arrangement on the bottom), i.e., T3 (driven
by actuator 3) represents cable tensions 4 and 10, and T4
(driven by actuator 4) denotes cable tensions 3 and 9 (shown
in Fig. 2). ua = τa = [τa2, τa3]T ∈ R2 represent input
torques corresponding the second and the third joints of the
robot arm. For the simplified 5-DOF HCDR, the CDPR has a
more number of actuators (4 actuators) than the total DOFs (3
DOFs), and the robot arm has an equal number of actuators
to its total DOFs (2 DOFs), so they are over-actuated and
fully-actuated subsystems, respectively. Hence, (24) can be
expressed as
x˙(t) = f(x(t), u(t), (L01(t), L02(t))), x(0) = x0 (33)
where x := [pmx, p˙mx, pmz, p˙mz, βm, β˙m, θa2, θ˙a2, θa3, θ˙a3]T
∈ R10 represents the states, u ∈ R4 denotes the control inputs,
L01 and L02 represent the upper unstretched cable lengths (the
two sets of four-cable arrangement on the top), respectively,
i.e., L01 (driven by actuator 1) denotes unstretched cable
lengths 5, 6, 11, and 12, and L02 (driven by actuator 2)
represents unstretched cable lengths 1, 2, 7, and 8 (as shown
in Fig. 2). x0 ∈ R10 is the initial states and t ≥ 0.
By linearizing the nonlinear (33) around the reference states
xr and control inputs ur, the continuous time state-space
representation (Linear Time-Varying System (LTV)) can be
described as
x˙(t) = A(t)x(t) +B(t)u(t) +B(t)w(t)
y(t) = C(t)x(t), x(0) = x0
(34)
with the outputs y(t) ∈ R10, matrices A(t) =
∂f(x,u)
∂x
∣∣∣
x=xr,u=ur
∈ R10×10, B(t) = ∂f(x,u)∂u
∣∣∣
x=xr,u=ur
∈
R10×4, and C(t) = I ∈ R10×10. w(t) = (wm(t), wa(t)) ∈ R4
are white noises with zero mean Gaussian, where wm(t) ∈ R2
and wa(t) ∈ R2 are noises to the CDPR and robot arm,
respectively.
Additionally, for the specific HCDR, the upper four ca-
bles are utilized for position control and the lower cables
are used to set cable tensions. Hence, the specific stiffness
matrix (29) and (30) can be rearranged as KT =
12∑
i=1
(·) and
Kk =
∑
i∈{1,2,5,6,7,8,11,12}
(·), respectively. The actual states of
the mobile platform and robot arm can be estimated using
an Inertial Measurement Unit (IMU) (or vision-based tracking
system) and encoders, respectively.
IV. VIBRATION CONTROL DESIGN
For the proposed HCDR, a key objective is to develop
effective control schemes to minimize vibration and improve
the accuracy of the end-effector, i.e., the position-holding per-
formance of the CDPR and the position accuracy performance
of the end-effector relative to its reference trajectory.
For the configuration of the HCDR shown in Section III,
the eight upper cables, four lower cables, and robot arm are
based on position control, force control, and torque control, re-
spectively, i.e., their corresponding inputs are positions (cable
lengths), forces, and joint torques. Furthermore, the flexible
cables reduce the overall stiffness of the robot, so vibrations
become a serious problem for precise control [33]. Another
major problem is maintaining cable tensions to keep large
enough stiffness for the robot, as mentioned above. In addition,
since the driven cables are flexible, the positions of the mobile
platform or actual cable lengths cannot be computed directly
from the measurements of encoders (embedded in the corre-
sponding driven actuators). However, the upper unstretched
(i.e., nominal) cable lengths (L01 and L02 in (33)) can be
obtained using (33) when the reference trajectory r(t) = xr is
given. Then, we can readjust lower cable tensions using (32).
Hence, tracking the reference trajectory as well as optimizing
the lower cable tensions to satisfy the required stiffness of the
HCDR should be included in control design.
8Based on the above analysis, in order to achieve the above
objective, the proposed control structures of the HCDR are
shown in Fig. 3(a-c). Additionally, because of the kinematic
constraints, the system (34) is fully controllable in x0z0 plane.
The states and control inputs are simplified for the proposed
vibration control.
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Fig. 3. Three types of control architecture of the HCDR. (a) Independent
control with the CDPR and the robot arm are decoupled; (b) Integrated
control-I with the CDPR and the robot arm are coupled; and (c) Integrated
control-II with the CDPR and the robot arm are coupled.
A. Independent Control
For the independent plant (i.e., the Independent Arm &
CDPR block diagram shown in Fig. 3(a)), it includes two
independent subsystems: the flexible CDPR and the rigid
robot arm. There is no coupled forces/torques between
them. In this case, the dynamic model of the CDPR can
be developed using (9) or by replacing (17) and (18) with
KE =
1
2mm[p˙mx, p˙my, p˙mz][p˙mx, p˙my, p˙mz]
T + 12ω
T
mImωm
and VE = mmgpmz + 12 (L− L0)TKc (L− L0),
respectively. The dynamic equations of the robot
arm are derived by replacing (17) and (18) with
KE =
1
2
3∑
k=0
{
makv
T
ackvack + ω
T
ackIakωack
}
and
VE =
3∑
k=0
{
makgp
T
ack[0, 0, 1]
T
}
, respectively. By substituting
Algorithm 1 Computation of the optimal cable tensions T3opt
and T4opt
Input: Reference trajectory r(t) = xr.
Output: Optimal cable tensions T3opt and T4opt.
1: Given r(t) and calculate the nominal matrix Amr and
torque (AmT )r by using (5) and (32b), respectively;
2: Given the stiffness weighting matrix Hλ (e.g., in all the
case studies in this paper, Hλ is equal to the identity
matrix I) and solve (32a) (which also subjects to (32c)
and (32d)), then the optimal stiffness K(λ)opt and variable
λopt are obtained;
3: Resubstitute K(λ)opt, λopt, Amr, and (AmT )r into (32c),
the optimal cable tensions T3opt and T4opt are computed;
4: Return T3opt and T4opt.
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Fig. 4. An stiffness optimization example using Algorithm 1, where the mo-
bile platform is stationary (i.e., position-holding at [pmx, pmz ]T = [0, 0]T )
and the upper unstretched cable lengths are equal to L01 = L02 = 1.005 m.
(a) X-Y view, (b) 3D view, and (c) eigenvalues of the stiffness matrix K.
the new (17) and (18) into (19), the independent nonlinear
dynamic equations of the CDPR and robot arm can be derived
(in forms of (22) and (24)). The LTV model of the CDPR is
expressed in form of (34). The block diagram S is used to
select elements from input vector. It can be described as[
xm
xa
]
=
[
I6×6 06×4
04×6 I4×4
]
︸ ︷︷ ︸
Block diagram S
[
x
x
]
(35)
where I represents the identity matrix. x, xm, and xa denote
the state vectors of the whole system, CDPR, and robot arm,
respectively. In (35), x, xm, and xa can be replaced with
reference state vectors xr, xmr, and xar, respectively.
When the reference trajectory r(t) = xr is given (in
Fig. 3(a)), Algorithm 1 is implemented to compute the optimal
cable tensions T3opt and T4opt. By substituting T3opt and
T4opt into (8), the upper unstretched cable lengths L01 and
L02 are also calculated. An stiffness optimization example
using Algorithm 1 is shown in Fig. 4. Fig. 4(a) shows that
increasing T3 and T4 will rise up JK (in Fig. 4(b)). The
corresponding eigenvalues of stiffness matrix K (in 4(c))
are always positive. Because of the constraints in (32), the
9maximum of JK corresponds to the optimal values of T3 and
T4, i.e., T3opt and T4opt, respectively.
Based on the computed values above (in this section), the
proposed control approaches are then utilized to stabilize the
system around its reference trajectories. For the independent
control, Model Predictive Control (MPC) and Proportional-
Integral-Derivative (PID) based control schemes are designed.
The former is used to control the lower cable tensions
um(T3, T4), the latter is utilized to control the arm joint
torques to minimize joint position errors.
1) MPC Control (depicted as the MPC control block diagram
in Fig. 3(a)): As an optimization based control approach,
the MPC cost function with constraints is defined below to
minimize the vibration of the mobile platform:
min
Np−1∑
k=0
(
exm(k)
T
Qpexm(k) +eum(k)
T
Rpeum(k)
)
+ exm(Np)
TPpexm(Np) (36)
s. t. δxm(k + 1)6×1 = A(k)6×6δxm(k)6×1
+B(k)6×2δum(k)2×1 +B(k)6×2wm(k)2×1
δym(k)6×1 = C(k)6×6δxm(k)6×1
δxm(k)6×1 = xm(k)6×1 − xm(k − 1)6×1
δum(k)2×1 = um(k)2×1 − um(k − 1)2×1
δym(k)6×1 = ym(k)6×1 − ym(k − 1)6×1
exm(k)6×1 = xmr(k)6×1 − xm(k)6×1
eum(k)2×1 = umr(k)2×1 − um(k)2×1
δxmL(k)6×1 ≤ δxm(k)6×1 ≤ δxmU (k)6×1
δumL(k)2×1 ≤ δum(k)2×1 ≤ δumU (k)2×1
where the state-space model in (36) represents
the independent CDPR. exm = xmr −
xm = [pmxr, p˙mxr, pmzr, p˙mzr, βmr, β˙mr]
T −
[pmx, p˙mx, pmz, p˙mz, βm, β˙m]
T are the errors between
the reference trajectory xmr and actual states xm.
eum = umr − um = [T3opt, T4opt]T2×1 − [T3, T4]T2×1
denotes the errors between the reference inputs umr and
actual inputs um. δxmL and δxmU denote the lower
bound and upper bound of the states δxm, respectively.
δuL and δuU represent the lower bound and upper
bound of the control inputs δu, respectively. Rp ∈ R2×2
(Rp = R
T
p  0), Qp ∈ R6×6 (Qp = QTp  0), and
Pp ∈ R6×6 (Pp = PTp  0) are input, state, and terminal
weighting matrices, respectively.
2) PID Control (shown in Fig. 3(a)): For the mounted arm,
the PID controller is designed as
ua(τa2, τa3) = Kp[θa2r(t)− θa2(t), θa3r(t)− θa3(t)]T
+Ki
∫ t
0
[θa2r(t)− θa2(t), θa3r(t)− θa3(t)]T dt
+Kd[θ˙a2r(t)− θ˙a2(t), θ˙a3r(t)− θ˙a3(t)]T (37)
where Kp, Ki, and Kd are the proportional, integral, and
derivative terms, respectively. θa2r and θa3r denote the
reference angles of joint 2 and 3, respectively. θa2 and θa3
represent the actual angles of joint 2 and 3, respectively.
ua(τa2, τa3)2×1 denotes the control input to the robot arm.
B. Integrated Control-I
Regarding to the integrated control-I, it is also based on
hybrid MPC and PID controllers (shown in Fig. 3(b)). In this
case, a coupled plant (the HCDR block diagram in Fig. 3(b))
is adopted, i.e., the nonlinear model (33). The corresponding
LTV representation of the CDPR is obtained by linearizing
(33) around the reference states xmr and inputs umr, which is
used for MPC design (in the form of (36)) to damp vibrations.
Meanwhile, the PID control design for the robot arm is
expressed as (37).
Additionally, the implementation of integrated control-I is
the same as the independent control (in Subsection IV-A):
when the reference trajectory r(t) is given, the optimal cable
tensions T3opt and T4opt and the upper unstretched cable
lengths L01 and L02 are computed. By inputting these values
and the outputs of MPC and PID into HCDR to minimize
vibration and improve the accuracy of the end-effector.
C. Integrated Control-II (Fully Integrated Control)
Integrated control-II is defined as a fully integrated control,
which is only based on MPC (shown in Fig. 3(c)). In this case,
the coupled plant (the HCDR block diagram in Fig. 3(c)) is
the same as the one shown in Fig. 3(b), but the corresponding
LTV model is extended to all the states and inputs, i.e., in
terms of (34).
The integrated control-II is designed to control lower cable
tensions and the arm joint torques simultaneously to minimize
the vibration of the overall system. Then, the MPC cost
function with constraints is redefined as
min
Np−1∑
k=0
(
ex(k)
T
Qpex(k) +eu(k)
T
Rpeu(k)
)
+ ex(Np)
TPpex(Np) (38)
s. t. δx(k + 1)10×1 = A(k)10×10δx(k)10×1
+B(k)10×4δu(k)4×1 +B(k)10×4w(k)4×1
δy(k)10×1 = C(k)10×10δx(k)10×1
δx(k)10×1 = x(k)10×1 − x(k − 1)10×1
δu(k)4×1 = u(k)4×1 − u(k − 1)4×1
δy(k)10×1 = y(k)10×1 − y(k − 1)10×1
ex(k)10×1 = xr(k)10×1 − x(k)10×1
eu(k)4×1 = ur(k)4×1 − u(k)4×1
δxL(k)10×1 ≤ δx(k)10×1 ≤ δxU (k)10×1
δuL(k)4×1 ≤ δu(k)4×1 ≤ δuU (k)4×1
where the errors between the reference trajectory xr
and actual states x are described as ex = xr − x =
[pmxr, p˙mxr, pmzr, p˙mzr, βmr, β˙mr, θa2r, θ˙a2r, θa3r, θ˙a3r]
T
10×1−
[pmx, p˙mx, pmz, p˙mz, βm, β˙m, θa2, θ˙a2, θa3, θ˙a3]
T
10×1,
and the errors between the reference inputs ur and
actual inputs u are expressed as eu = ur − u =
[T3opt, T4opt, τa2r, τa3r]
T
4×1 − [T3, T4, τa2, τa3]T4×1. Compared
with (36), other variables (e.g., δxL, δxU , δuL, δuU , Rp,
Qp, and Pp) are extended to higher dimensions. Rp ∈ R4×4
(Rp = R
T
p  0), Qp ∈ R10×10 (Qp = QTp  0), and
Pp ∈ R10×10 (Pp = PTp  0).
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Moreover, when the reference trajectory r(t) is given, the
nominal variables T3opt, T4opt, L01, L02, τa2r, and τa3r
are computed the same as integrated control-I (in Subsec-
tion IV-B). Theoretically, when the the same goal and condi-
tions are given, the higher integrated control techniques (e.g.,
the integrated control-II in Subsection IV-C) are easier lead to
better performance, since the control performance indices are
more guaranteed by balancing control gains, e.g., using the
cost function in (38).
Additionally, the block diagrams (in Fig. 3) of Inverse
Dynamics, Redundant Resolution & Stiffness Optimization,
Independent Arm & CDPR (or HCDR), PID, and MPC mainly
correspond to (32b), Algorithm 1, (33), (37), and (36) (or
(38)), respectively. In the next section, case studies will be
proposed to evaluate the control performance.
V. CONTROL PERFORMANCE AND EVALUATION
A. Case Study–Comparison of Three Control Structures
To evaluate the performances of the above three control
strategies, many case studies can be implemented, e.g.,
applying different trajectories to the mobile platform
and robot arm. However, when the robot arm moves, it
generates reaction forces which result in vibration of the
mobile platform even when the desired position of the
mobile platform is to remain unchanged. This case is
quite important in pick-and-place applications. To illustrate
the position-holding performance of the CDPR and the
position accuracy performance of the end-effector relative
to its reference trajectory, reference points r(t) = xr =
[pmxr, p˙mxr, pmzr, p˙mzr, βmr, β˙mr, θa2r, θ˙a2r, θa3r, θ˙a3r]
T
are given as r0
t0
= rA
tA
= [0.05, 0, 0.1, 0, 0, 0, 0, 0, 0, 0]T
→ rB
tB
= [0.05, 0, 0.1, 0, 0, 0, 0, 0, 0.3(tB − tA), 0]T →
rC
tC
= [0.05, 0, 0.1, 0, 0, 0, 0.4(tC−tB), 0, 0.3(tC−tB), 0]T →
rend
tend
= [0.05, 0, 0.1, 0, 0, 0, 1.0(tD − tC), 0, 1.0(tD − tC), 0]T ,
where point-to-point (e.g., rB → rC from time tB to tC)
movements are implemented using the 5th order polynomial
trajectories, and t0 = 0 s, tA = 1 s, tB = 3 s, tC = 5 s, and
tend = 6 s.
In this case study, r(t) are given in joint space, and they
can be mapped to the end-effector positions (xe, 0, ze) = pe in
Cartesian coordinates by using the equations in Appendix A.
Then, the corresponding multi segment curves are generated:
from the start point → point A → point B → point C → the
end point as shown in Fig. 5.
Furthermore, the control performance was evaluated using
MATLAB 2015a (The MathWorks, Inc.) on a Windows 7
x64 desktop PC (Inter Core i7-4770, 3.4 GHz CPU and 8
GB RAM), and the quadratic programming problems ((36)
and (38)) in the independent control, integrated control-I, and
integrated control-II were solved using FiOrdOs [40]. The
constraints and tuning parameters are given in Table III.
Based on the desired end-effector trajectory and tuning
parameters of three control structures, the performance of the
proposed control systems is shown in Fig. 5 and Fig. 6. Fig. 5
shows the end-effector trajectory in Cartesian coordinates. The
TABLE III
PARAMETERS OF THREE CONTROL STRUCTURES
Control structures MPC parameters PID parameters
Independent control
or
Integrated control-I
Ts = 0.01 s (sampling time);
Np = 50 (predictive horizon);
Nc = 50 (control horizon);
Rp = 0.0001I2×2 (input weighting matrix);
Qp = I4×4 (state weighting matrix);
Pp = I4×4 (terminal weighting matrix);
δxmL = −[∞,∞]T (lower bound);
δxmU = [∞,∞]T (upper bound);
δumL = −[80, 80]T (lower bound);
δumU = [80, 80]
T (upper bound).
Kp = 400;
Ki = 100;
Kd = 10.
Integrated control-II
Ts = 0.01 s; Np = 50; Nc = 50;
Rp = 0.0001I4×4; Qp = I10×10; Pp = I10×10;
δxL = −[∞,∞,∞,∞]T ; δxU = [∞,∞,∞,∞]T ;
δuL = −[80, 80, 2, 2]T ; δuU = [80, 80, 2, 2]T .
–
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(m
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"
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Desired trajectory
Independent control
Integrated control-I
Integrated control-II
Fig. 5. End-effector trajectory in Cartesian coordinates.
aim of three controllers is to follow the desired curved path
(dotted line). The independent control based tracking trajectory
(dashed line), the integrated control-I based tracking trajectory
(dash-dot line), and the integrated control-II based tracking
trajectory (solid line) are all commanded from the same start
point. It is clear that the independent control cannot follow the
desired path well. The main reason is that it doesn’t consider
the coupling forces/torques between the mobile platform and
the robot arm. This leads to large tracking errors.
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0.15
x e
(m
)
#
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Independent control
Integrated control-I
Integrated control-II
Fig. 6. End-effector trajectory versus time.
Additionally, from the start point → point A → point
B, integrated control-I and integrated control-II show good
trajectory tracking performance. However, from point B →
point C → end point, tracking errors of former are larger than
the later (always has a good tracking performance). Integrated
control-II uses an optimized control scheme to handle dynamic
coupling hence suppressing vibrations to satisfy (38).
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Fig. 6 shows the end-effector trajectory versus time. The
time response for three control structures has the similar
tracking performance as shown in Fig. 5. In Fig. 6, both
the independent control (for the decoupled HCDR) and the
integrated control-I (for the coupled HCDR) use the same
controllers (MPC and PID) and tuning parameters (shown
in Table III). The integrated control-I shows good tracking
performances in the X- and Z-directions, and the control
inputs can handle the reaction forces between the CDPR and
robot arm. However, for the independent control, the control
inputs cannot effectively handle the decoupled HCDR (i.e.,
the ignored reaction force mainly coming from the gravity
of the robot arm cannot be overcome) in the Z-direction,
resulting in vibrations and a poor tracking. The reaction force
in the X-direction is less affected and the tuned controllers
can effectively eliminate the tracking error, so it shows a good
tracking performance.
In short, the above results show that integrated control-
II (fully integrated control) has better tracking performance
than that of integrated control-I. Integrated control-I has better
tracking performance than that of independent control.
B. Case Study–RMSE Estimation
To evaluate the end-effector position tracking errors, the
root-mean-square error (RMSE) [41] is used to measure the
differences between the desired positions in X-Z Cartesian
plane and observed values. The RMSE of the end-effector
trajectory is described as
RMSE =
√√√√ 1
NR
NR∑
i=1
((pexi − pˆexi)2 + (pezi − pˆezi)2)
(39)
where pexi, pˆexi, pezi, and pˆezi denote the desired and
observed end-effector positions in X- and Z-directions, re-
spectively. NR is the total sampling number.
Using (39), the RMSEs of the end-effector trajectory based
on the independent control, integrated control-I, and integrated
control-II are shown in Fig. 7. In Fig. 7, RMSE in the X-
direction, independent control has the smallest RMSE, i.e.,
the best trajectory tracking performance. RMSE in the Z-
direction, integrated control-I has the best trajectory tracking
performance. However, RMSE in the 2D-direction represents
the overall trajectory tracking performance of the three control
structures. It is clear that integrated control-II has the best
trajectory tracking performance (RMSE = 0.01889) and
independent control has the worst trajectory tracking perfor-
mance (RMSE = 0.00164). Also, this performance matches
the result shown in Fig. 5 and Fig. 6. Hence, integrated control-
II (fully integrated control) has the best overall trajectory
tracking performance for the end-effector.
To the best of the Authors’ knowledge, there are few studies
using MPC, which utilizes a sufficiently accurate dynamic
model. In comparison with previous studies, such as PID
[23], linear parameter-varying (LPV) [24], and sliding mode
control (SMC) [42], the results of this paper offer noticeable
improvements in the following aspects: 1) satisfactory results
1 2 3
1: X-direction; 2: Z-direction; 3: 2D
0
0.01
0.02
R
M
SE
Independent control
Integrated control-I
Integrated control-II
Fig. 7. RMSE of the end-effector trajectory.
are guaranteed by the optimal control inputs and constraints,
and 2) the use of MPC enhances the control performance
by using the future steps from the reference trajectories to
generate control laws.
VI. CONCLUSIONS AND FUTURE WORK
This paper presented a generalized HCDR by combining
the strengths and benefits of serial and cable-driven-parallel
robots. A generalized modeling approach was also proposed
for the HCDR, including equations of motion, redundancy
resolution, and stiffness optimization. This approach can be
extended to other types of hybrid robots.
In addition, three control architectures were developed and
analyzed to achieve the goal of reducing vibrations and trajec-
tory tracking errors for the end-effector. Control performances
in different aspects, including the position-holding perfor-
mance of the CDPR and the position accuracy performance
of the end-effector were evaluated and discussed. The results
showed that the fully integrated control system could reduce
the tracking and end-effector vibrations significantly. In the
future, the hardware of HCDR is planned to be designed and
then experiments for the proposed control strategies will be
conducted. A common performance indicator that can easily
compare the proposed control strategies with other types of
controllers will also be developed.
APPENDIX A
For the specific 9-DOF HCDR, the COM (of
the links) positions are computed as pac1 =
pa0 + R
m
g Rz(θa1)[xac01, yac01, zac01]
T , pac2 =
pa1 + R
m
g Rz(θa1)Ry(θa2)[xac02, yac02, zac02]
T , and pac3 =
pa2 + R
m
g Rz(θa1)Ry(θa2)Ry(θa3)[xac03, yac03, zac03]
T
where the joint position vectors are described
as pa0 = [pmx, pmy, pmz]T + Rmg lm, pa1 =
pa0 + R
m
g Rz(θa1)[xa01, ya01, za01]
T , pa2 = pa1 +
Rmg Rz(θa1)Ry(θa2)[xa02, ya02, za02]
T , and pe = pa3 =
pa2 + R
m
g Rz(θa1)Ry(θa2)Ry(θa3)[xa03, ya03, za03]
T .
Additionally, the COM linear velocities and angle velocities
(of the links) are calculated as vac1 = p˙ac1, vac2 = p˙ac2,
vac3 = p˙ac3, ωac1 = (Rz(θa1))Tωm + [0, 0, θ˙a1]T ,
ωac2 = (Rz(θa1)Ry(θa2))
T (ωm + [0, 0, θ˙a1]
T ) + [0, θ˙a2, 0]
T ,
and ωac3 = (Rz(θa1)Ry(θa2)Ry(θa3))T (ωm + [0, 0, θ˙a1]T ) +
(Ry(θa2)Ry(θa3))
T [0, θ˙a2, 0]
T + [0, θ˙a3, 0]
T , where the
corresponding parameters are shown in Fig. 2 and Table II.
By substituting these corresponding equations into (16) and
(17), respectively, the dynamic equation of the 9-DOF HCDR
can be derived (in forms of (22) and (24)).
12
ACKNOWLEDGMENT
The authors would like to knowledge the financial support
of the Natural Sciences and Engineering Research Council of
Canada (NSERC).
REFERENCES
[1] H. Wei, Y. Qiu, and J. Yang, “An Approach to Evaluate Stability
for Cable-Based Parallel Camera Robots with Hybrid Tension-Stiffness
Properties,” Int. J. Adv. Robot. Syst., vol. 12, no. 12, pp. 185:1–185:12,
2015.
[2] S. Oh and S. K. Agrawal, “Cable suspended planar robots with redundant
cables: controllers with positive tensions,” IEEE Trans. Robot., vol. 21,
no. 3, pp. 457–465, June 2005.
[3] T. Arai, S. Matsumura et al., “A proposal for a wire suspended
manipulator: A kinematic analysis,” Robotica, vol. 17, no. 1, pp. 3–9,
1999.
[4] H. Osumi, Y. Utsugi, and M. Koshikawa, “Development of a manipulator
suspended by parallel wire structure,” in Proc. IEEE/RSJ Int. Conf. Intell.
Robots Syst., Takamatsu, Japan, Oct 2000, pp. 498–503.
[5] M. Bamdad, F. Taheri, and N. Abtahi, “Dynamic analysis of a hybrid
cable-suspended planar manipulator,” in Proc. IEEE Int. Conf. Robot.
Autom., Seattle, Washington, USA, May 2015, pp. 1621–1626.
[6] M. Gouttefarde, “Static Analysis of Planar 3-DOF Cable-Suspended
Parallel Robots Carrying a Serial Manipulator,” in New Trends Mecha-
nism Machine Sci., P. Wenger and P. Flores, Eds. Cham: Springer Int.
Publishing, 2017, pp. 363–371.
[7] J. S. Albus, “Cable Arrangement and Lifting Platform for Stabilized
Load Lifting,” U.S. Patent 4,883,184, Nov. 28, 1989.
[8] J. S. Albus, R. V. Bostelman, and A. S. Jacoff, “Modular Suspended
Manipulator,” U.S. Patent 6,566,834 B1, May 20, 2003.
[9] Spidercam GmbH, “Spidercam,” https://www.spidercam.tv, (accessed 22
July 2019).
[10] SKYCAM LLC, “Skycam,” http://www.skycam.tv, (accessed 22 July
2019).
[11] P. R. Pagilla and B. Yu, “An experimental study of planar impact of a
robot manipulator,” IEEE/ASME Trans. Mechatronics, vol. 9, no. 1, pp.
123–128, March 2004.
[12] D. Lau, D. Oetomo, and S. K. Halgamuge, “Generalized Modeling of
Multilink Cable-Driven Manipulators With Arbitrary Routing Using the
Cable-Routing Matrix,” IEEE Trans. Robot., vol. 29, no. 5, pp. 1102–
1113, Oct 2013.
[13] N. Mostashiri, J. S. Dhupia et al., “A Review of Research Aspects of
Redundantly Actuated Parallel Robotsw for Enabling Further Applica-
tions,” IEEE/ASME Trans. Mechatronics, vol. 23, no. 3, pp. 1259–1269,
June 2018.
[14] C. Viegas, M. Tavakoli et al., “SCALA–A Scalable Rail-based Multi-
robot System for Large Space Automation: Design and Development,”
IEEE/ASME Trans. Mechatronics, vol. 22, no. 5, pp. 2208–2217, Oct
2017.
[15] A. Khajepour and S. T. Me´ndez, “Apparatus for controlling a mobile
platform,” U.S. Patent 14,613,450, Feb. 4, 2015.
[16] H. D. Taghirad and Y. B. Bedoustani, “An Analytic-Iterative Redun-
dancy Resolution Scheme for Cable-Driven Redundant Parallel Manip-
ulators,” IEEE Trans. Robot., vol. 27, no. 6, pp. 1137–1143, Dec 2011.
[17] H. Jamshidifar, A. Khajepour et al., “Kinematically-constrained redun-
dant cable-driven parallel robots: Modeling, redundancy analysis, and
stiffness optimization,” IEEE/ASME Trans. Mechatronics, vol. 22, no. 2,
pp. 921–930, April 2017.
[18] Z. Mu, H. Yuan et al., “A Segmented Geometry Method for Kinematics
and Configuration Planning of Spatial Hyper-Redundant Manipulators,”
IEEE Trans. Syst., Man, Cybern., Syst., pp. 1–11, 2018.
[19] M. J. D. Otis, S. Perreault et al., “Determination and Management of
Cable Interferences Between Two 6-DOF Foot Platforms in a Cable-
Driven Locomotion Interface,” IEEE Trans. Syst., Man, Cybern. A,
vol. 39, no. 3, pp. 528–544, May 2009.
[20] M. Chen, Y. Ren, and J. Liu, “Antidisturbance Control for a Suspension
Cable System of Helicopter Subject to Input Nonlinearities,” IEEE
Trans. Syst., Man, Cybern., Syst., vol. 48, no. 12, pp. 2292–2304, Dec
2018.
[21] S. Lin and A. A. Goldenberg, “Neural-network control of mobile
manipulators,” IEEE Trans. Neural Networks, vol. 12, no. 5, pp. 1121–
1133, Sep 2001.
[22] S. Aguilera-Marinovic, M. Torres-Torriti, and F. Auat-Cheein, “General
Dynamic Model for Skid-Steer Mobile Manipulators With Wheel-
Ground Interactions,” IEEE/ASME Trans. Mechatronics, vol. 22, no. 1,
pp. 433–444, Feb 2017.
[23] S. J. T. Me´ndez, “Low Mobility Cable Robot with Application to Robotic
Warehousing,” Ph.D. dissertation, University of Waterloo, Waterloo, ON,
Canada, 2014.
[24] H. Jamshidifar, S. Khosravani, B. Fidan, and A. Khajepour, “Vibra-
tion decoupled modeling and robust control of redundant cable-driven
parallel robots,” IEEE/ASME Trans. Mechatronics, vol. 23, no. 2, pp.
690–701, April 2018.
[25] Tecnalia, “Parallel cable robotics: Best solution for optimizing oper-
ations in large spaces,” https://www.tecnalia.com, (accessed 22 July
2019).
[26] J. Denavit and R. S. Hartenberg, “A kinematic notation for lower-pair
mechanisms based on matrices,” ASME J. Appl. Mechanics, vol. 22, pp.
215–221, 1955.
[27] N. Tardella, “Earthbound Robots Today Need to Take Flight,”
https://spectrum.ieee.org/automaton/robotics/industrial-robots/
earthbound-robots-today-need-to-take-flight, Feb 9, 2016.
[28] PRODRONE, “PRODRONE Unveils the World’s First Dual Robot Arm
Large-Format Drone,” https://www.prodrone.com/archives/1420/, Sep 7,
2016.
[29] H. Jamshidifar, “Integrated Trajectory-Tracking and Vibration Control
of Kinematically-Constrained Warehousing Cable Robots,” Ph.D. dis-
sertation, University of Waterloo, Waterloo, ON, Canada, 2018.
[30] MarketWatch, “Automated Material Handling Equipment Market Poised
to touch US$ 50.0 Billion by 2024,” https://www.marketwatch.com/
press-release/, April 2019, (accessed 11 June 2019).
[31] Market Research Engine, “Automated Material Handling
Equipment Market By Product Analysis; By System Type
Analysis; By Software & Services Analysis; By Function
Analysis; By Industry Analysis and By Regional Analysis–Global
Forecast by 2018-2024,” https://www.marketresearchengine.com/
automated-material-handling-equipment-market, Nov 2018, (accessed
11 June 2019).
[32] P. Corke, Robotics, Vision and Control: Fundamental Algorithms in
MATLAB, ser. Springer Tracts in Advanced Robotics. Berlin: Springer,
Aug 2011.
[33] S. Behzadipour and A. Khajepour, “Stiffness of Cable-based Parallel
Manipulators With Application to Stability Analysis,” ASME J. Mech.
Des., vol. 128, no. 1, pp. 303–310, Jan 2006.
[34] J. Li, S. Andrews et al., “Task-based Design of Cable-driven Articulated
Mechanisms,” in Proc. 1st Annual ACM Sym. Comp. Fabri., New York,
NY, USA, 2017, pp. 6:1–6:12.
[35] M. Li, H. Wu, and H. Handroos, “Stiffness-maximum trajectory planning
of a hybrid kinematic-redundant robot machine,” in Proc. 37th An. Conf.
IEEE Ind. Electron. Soc., Melbourne, Australia, Nov 2011, pp. 283–288.
[36] S. Kock and W. Schumacher, “A parallel x-y manipulator with actuation
redundancy for high-speed and active-stiffness applications,” in Proc.
IEEE Int. Conf. Robot. Autom., Leuven, Belgium, May 1998, pp. 2295–
2300.
[37] C. Gosselin, “Stiffness mapping for parallel manipulators,” IEEE Trans.
Robot. Autom., vol. 6, no. 3, pp. 377–382, June 1990.
[38] M. Rushton, “Vibration control in cable robots using a multi-axis
reaction system,” Master’s thesis, University of Waterloo, Waterloo, ON,
Canada, 2016.
[39] M. Rushton and A. Khajepour, “Transverse vibration control in planar
cable-driven robotic manipulators,” in Cable-Driven Parallel Robots,
C. Gosselin, P. Cardou, T. Bruckmann, and A. Pott, Eds. Cham:
Springer International Publishing, 2018, pp. 243–253.
[40] F. Ullmann, “FiOrdOs: A Matlab Toolbox for C-Code Generation for
First Order Methods,” Master’s thesis, ETH Zurich, Switzerland, 2011.
[41] F. Y. Wu, S. Foong, and Z. Sun, “A hybrid field model for enhanced
magnetic localization and position control,” IEEE/ASME Trans. Mecha-
tronics, vol. 20, no. 3, pp. 1278–1287, June 2015.
[42] R. de Rijk, M. Rushton, and A. Khajepour, “Out-of-plane vibration
control of a planar cable-driven parallel robot,” IEEE/ASME Trans.
Mechatronics, vol. 23, no. 4, pp. 1684–1692, Aug 2018.
